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Basic Ideas of Probability

1. Probability Spaces

There are two definitions of probabilities for ramd events: classical and modern. The
modern definition of probability is based on theasi#e theory in which a random event is

nothing but a set and its probability is the measairthe set.

Definition (Sigma-Algebra) Let Q be a set andil a classl1 of subsets of2, i.e., a subset
of 2%, I is said to be @ — algebraof Q if

(1) QOn

(2) if A, thenA=Q-A0M (which implies thatg [111)

(3) if A,ON, whereiJl and | is at most a countable index set, t@»ﬁki Onmn (which

igl
means that the clag3 is closed with respect to union)
Remark 1: 2° is the power set o, i.e., the set of all subsets Of.

Remark 2: In measure theory(Q, ) is called aneasurable space

Remark 3: Since( A, =[A, =|JA, O, N is also closed with respect to intersection.

iol ial ial

Example Let Q ={w,,w,}, N ={o{w,}.{w,}.{w,w,}}, where¢ stands for empty sef] is

then ac —algebra

Definition (Probability Space) Let Q be a set]1 a c-algebra ofQ and P a real-valued
function defined o1, the triplet(Q,M,P) is called aprobability spaceif P satisfies the

following conditions
(1) P(A)=0 forall ACN
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(2) Linj:iP(Ai) for all A,,A,,--- A, ,---00MN such thatA, NA; =¢ when
i=1 i=1
i %]
(3) P(Q)=1 (which implies that?(p) = 0)

Remark 1: Usually, Q is often calledsample spacdl the field ofrandom eventand for all

AOM, P(A) theprobability of occurrence of A.
Remark 2: In measure theory, the probability sp4€gT,P) is also calledneasured space
Remark 3: Two random events A and B are said tarmmmpatibleif AB =¢. In this case,

P(AB)=0.

1.1. Discrete Probability Spaces

The number of all possible occurrences in a random experiment ibtain

Definition A probability space(Q, M ,P) is called adiscrete probability spacé the sample

spaceQ is a countable (finite or denumerable infinite) set &he 2°.

Remark 1: To specify a discrete probability P, it suffices to specify apimapp:Q — [0,1]
such thatp(w) 2 0 for all @JQ and " p(w)=1. Then, for allAOM, P(A)=>" p(w).
w1Q WA

1

Remark 2: If Q:{ocl,(uz,---,(u,\,} and p(wi): N wherei =12,---,N, then the resulting

triple (Q,N,P) is calledclassicalprobability space.

Example Let Q ={w,,w,}, M ={p{w}{w,}{w,,»,}}, and

(1) p(o)l):%, p(wz):é then(Q, M ,P) is a discrete probability space

2) p(w,)=p(w,) :%, then(Q,MN,P) is a classical probability space
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Example Let Q ={w,,w,,-,,,-}, M =2% and p(w, )=

(Q,N,P) is a discrete probability space.

1.2. Continuous Probability Spaces

The number of all possible occurrences in a randeperiment is uncountable.

Definition A probability space(Q,I‘I,P) is called acontinuous probability spacé the

sample spac& is a continuum.

Example (Geometric Probability) Assume that the sampfe is an interval, an area or a
volume, then the probability of a point fallingana part ofQ is given by

_ Measureof the part of Q
Measureof Q

P

1.3. Properties of Probability

Theorem (Finite Measure)Let (Q, n ,P) be a probability space, then for &llCITT,
P(A)+P(A)=PQ)=1 = P(A)<1

Theorem (Monotonicity) Let (Q, n ,P) be a probability space, then for &l BT,
ADOB = P(A)<P(A)+P(B-A)=P(B)

Theorem (Union) Let (Q,M,P) be a probability space, then for &l BN,
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P(AUB)=PAU(B-A))=P(A)+P(B-A)=P(A)+P(B)-P(ANB)

Theorem (Union) Let (Q,M,P) be a probability space, then for &, A, ,---, A

Un J-369 Teln,a,)

art,

n

Hint: ) : o
Un - uAjw ARG (V)
z{ oo o ptan) -2 Sk )
r Jerind
+§{< ¥, Zroalf e, s an)
+(- 1)nm1<Z‘iE£A” ALA n+1)
"z
B, Zead B A
+(-1"P(A, A A L)
- TSN TR ) A

-Slear selaa )

1<i; <o <j <l
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2. Conditional Probability and Statistical Independence

2.1. Conditional Probability

Definition Let (Q, M ,P) be a probability space amll, B[, the conditional probabilityof

B, given that A has occurred, is deflnedFa(B/A)—M whereP(A) > 0.

P(A)

Theorem Let (Q,M,P) be a probability space and M with P(A)>0, the triplet
(Q,,M,.P.,) is also a probability space, whe@, =QNA , M, ={ABBOM} and

P, (AB) = P(B/A).

2.2. Composite Probability Formulae

Theorem (Composite Probability Formula) Let (Q,I'I,P) be a probability space, and
ADON, if AO|JE, , whereE, 0N with P(E,)>0 andE,NE, =¢ for all i #j, then
k

P(A) = ;P(A/EK)P(EK).
P(A)= F{A(LKJ EKD = F{ij (AEk)j = ; P(AE, )= ; P(A/E PE, ) #

AOB=ANB=A, AH[U j:UAﬂE
k

Proof:

Remark:
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2.3. Bayes Formulae

Theorem (Bayes Formula)Let (Q,11,P) be a probability space andlIM with P(A)> 0,
it AO(JE, . where E, 0N with P(E,)>0 and E,NE, =¢ for all i#j, then
k

__PEPAE)

PE/A= S e P E, )

Proof:

2.4. Statistical Independence

Definition Let (Q,M,P) be a probability space andl,BLM , A and B are said to be
statistically independerit P(AB) = P(A)P(B).

Remark 1: If A and B are independent, th@(A/B):y P(A).

(

Remark 2: Recall that two events A and B are said to be incompatibABiE ¢. In this

AB _
B)
case,P(AB)=0.

Definition Let (Q,I‘I ,P) be a probability space arfld’ a subset of1, ' is said to be

statistically independerit for all finite subsetd1” of M, ﬂAj: ” P(A).
AOr"

AON"
Remark: The statistical independence of any two eventdl6fcan not guarantee the

statistical independence 6f'. For example[1’ :{A, B,C}, M’ is statistically independent if
P(AB)=P(A)P(B), P(AC)=P(A)P(C), P(BC)=P(B)P(C), P(ABC)=P(A)P(B)P(C)

are established at the same time.
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Appendix Combinatorics

Sample SelectiorSuppose there are m distinguishable elements, hay mways there are in

which one can select r elements from these m disishable elements?

Repetitions are
Order allowed? The number of ways
_ _ Remarks
counts? | (With/Without | to choose the samples
replacement)
Yes Yes m" Permutation
m!
Yes No Ty Permutation
(m-r)
(m+r-1) o
No Yes BT Combination
ri(m -1)
m!
No No — Combination
ri(m-r)

Balls into CellsThere are eight different ways in which n balls barplaced into k cells:

Distinguish the Distinguish the Can cells be The number of ways tg
balls? cells? empty? place n balls into k cells
Yes Yes Yes k"
n
Yes Yes No k! {k}
N v v (k +n-1)
(0} es es nl (k _1)|
\ v \ (n-1)
© es © (k-1 -K)
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Yes

Yes

No

No

No

No

No

No

Yes

No {E}
Yes >, (n)

No P (n)

n
where
W

_1 i(_ 2

=

k
(rjr“ is the Stirling cycle number ang), (n) the number of

partition of the number n into exactly k integeeges.
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